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ABSTRACT
The results of mathematical modeling of temperature fields and hydrodynamic laminar flows of the liquid metal during electron 
beam melting of titanium alloy ingots are presented. The calculations were performed using the developed three-dimensional 
mathematical model based on the finite element method taking into account a number of simplifications and assumptions. The 
model allows determining the regularities of thermal and hydrodynamic processes occurring in a continuous water-cooled 
mould during ingot melting, and the geometry of the liquidus-solidus interphase transition zone, and accordingly, of the metal 
crystallization front, which significantly affects the quality of the metal during ingot formation. We calculated the parameters of 
the melting process for ingots of a small diameter of 110 mm from the medical Ti‒6Al‒7Nb titanium alloy with such a crystal-
lization front, for which the production of high-quality metal with a homogeneous structure and a homogeneous distribution of 
alloying elements in the ingot volume is ensured. It was found that the heat and mass transfer in the liquid metal is significantly 
affected by the power of the electron beam and its distribution over the pool surface, and the heat transfer is mainly predeter-
mined by the movement of the melt.
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INTRODUCTION
Light, strong, biocompatible, and non-toxic implants and 
endoprostheses made of metals and special alloys for 
medical long-term use are widely used in surgery. About 
60  % of the market is occupied by implants made of 
metal, and titanium and its alloys are the leaders among 
these products [1], since their strength is equal to that of 
cobalt alloys, exceeds that of stainless steels, and has a 
modulus of elasticity that is twice lower (55‒112 GPa), 
while that of chromium-cobalt alloy is 240 GPa and that 
of chromium-nickel stainless steels is 210 GPa. Such a 
low elasticity index is extremely important for joint and 
bone endoprostheses and implants, as it is closer to the 
indices of human bones, where it is 27.8‒30.0 GPa in the 
longitudinal direction and 11.0‒11.5 GPa in the radial 
and azimuthal directions.

The corrosion-resistant low-toxicity [2] Ti‒6Al‒4V 
alloy is widely used in medicine, as it surpasses stainless 
steels and cobalt alloys in terms of biological compati-
bility. Ti‒6Al‒4V alloy contains an order of magnitude 
less hazardous vanadium (4 % by weight) compared to 
stainless steels, in which the mass concentration of toxic 
nickel and chromium exceeds 30 %.

In modern metallurgy, there is a task to improve the 
technology for melting the latest medical titanium al-
loys without toxic alloying elements. At present, these 
are the latest titanium alloys with niobium, niobium 
and zirconium, and molybdenum and zirconium, which 
are close in their mechanical properties to Ti‒6Al‒4V 

alloy [3]. The alloys are non-toxic to the human body 
and have excellent biological compatibility, corrosion 
resistance, and ductility. Thus, the elastic modulus of 
Ti‒6Al‒7Nb alloy is less than 40 GPa.

In the future, titanium alloys may replace stain-
less steel and cobalt alloys in prosthetics, and surface 
modification of products, such as mechanical, ther-
mal, cryogenic, electroerosion, chemical treatment, 
spraying, etc., further improve the modulus of elastic-
ity, corrosion and wear resistance, reduce ion release 
to prevent inflammation, enhance antibacterial prop-
erties, biocompatibility, and adhesion [4‒11].

The E.O. Paton Electric Welding Institute of the NAS 
of Ukraine (PWI) has developed electron beam melting 
(EBM) technology for the production of defect-free, 
high-quality titanium alloy ingots with a guaranteed 
chemical composition, including those for medical use.

One of the key factors affecting the quality of melting 
titanium alloy ingots is metal crystallization. The trans-
formation of metal from a liquid to a solid state is ac-
companied by complex heat and mass transfer processes 
and rapid physical and chemical processes. The uneven 
temperature field in the volume of the metal ingot af-
fects the formation of the crystallization front profile and 
leads to differences in the structure and chemical com-
position of the metal at the center and periphery of the 
ingot, the presence of shrinkage and liquation phenom-
ena, etc. This significantly affects the quality of the final 
structure of the metal ingots.

Conducting full-scale experiments of metallurgi-
cal processes is associated with significant material 
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costs, which determines the prospects for using CFD 
modeling (CFD — Computational Fluid Dynamics) 
of high-temperature heat and mass transfer process-
es. Based on a small amount of experimental data, 
numerical modeling with significantly lower materi-
al costs allows calculating and obtaining, with suffi-
cient accuracy for practical use, predicted qualitative 
and quantitative pictures of the phenomena occurring 
during metallurgical processes.

Numerical calculation methods and modern com-
puter packages for mathematical modeling allow 
using thermophysical indices in the form of approx-
imation functions of temperature, which significantly 
brings calculations closer to real processes.

Knowledge of heat and mass transfer processes in 
high-temperature melts of titanium alloys during their 
EBM and ingot formation is a relevant task in modern 
metallurgy. Knowledge of the shape of the metal crys-
tallization front is one of the key factors in selecting 
technological modes for melting high-quality ingots. A 
homogeneous structure and uniform distribution of al-
loying elements in the ingot is ensured in the case of a 
flatter crystallization front, resulting in a more uniform 
temperature distribution in the ingot, which is a prerequi-
site for obtaining a homogeneous metal structure.

The aim of the work is to perform mathematical 
modeling of thermal and hydrodynamic processes of 
EBM of a cylindrical ingot with a diameter of 110 mm 
made of titanium Ti‒6Al‒7Nb alloy with a mass with-
drawal rate of 20 kg/h, identifying the main regulari-
ties of heat and mass transfer processes during melting 
and determining the necessary melting modes. For this 
purpose, the following tasks must be solved: develop a 
mathematical model for calculating thermal and hydro-
dynamic processes in the ingot in the case of laminar 
flow of the liquid metal; take into account the thermo-
physical characteristics of the metal with their change 
in interphase transition zones; calculate the distribution 
of temperature fields in the ingot and laminar hydro-
dynamic flows in the melt pool, and, accordingly, the 
shape of the metal crystallization profile.

Achieving this aim will make it possible to deter-
mine the key technological parameters for melting 
ingots, which is a relevant issue in the computational 
search for the necessary melting process modes, ex-
cluding extremely costly full-scale experiments.

RESEARCH MATERIALS AND METHODS
The object of study in the work is a mathematical 
model of heat and mass transfer processes in EBM 
of titanium alloy ingot. The subject of study is the 
characteristics of hydrodynamic flows in the melt and 
temperature fields in the ingot.

The main hypotheses of the research are as follows: 
representation of the nature of moving hydrodynamic 
flows of the liquid metal as laminar will provide a result 

closer to the actual metal crystallization profile than its 
turbulent representation [12]; the position of the electron 
beam on the surface of the melt pool, its power, and the 
rate of ingot withdrawal are the factors that mainly in-
fluence the shape of the metal crystallization front and, 
accordingly, the quality of the metal in the ingot.

 The following assumptions were made during the 
work: the liquid and solid phases of the metal ingot 
are considered as a single region with a liquid phase, 
while the solid metal corresponds to the volume in 
which movement is artificially suppressed by the Dar-
cy braking force (except for the ingot’s withdrawal 
rate) and a fixed calculation mesh is used in the fi-
nite element method; the liquidus-solidus (L–S) inter-
phase boundary of the alloy represents a viscous tran-
sition zone in which the boundaries are determined by 
the liquidus and solidus temperatures, and the metal 
parameters change according to the proposed law rel-
ative to the volume fraction of these phases; the vol-
ume fraction of the metal in the transition zone as a 
function of temperature is a smoothed FL–S function 
that smoothly changes from 0 to 1, using the mathe-
matical error function erf; approximate dependencies 
of the thermophysical parameters of Ti–6Al–4V and 
Ti–6Al–7Nb titanium alloys with smoothed stepwise 
phase transitions are used, applying the erf function 
with artificially extended temperature limits in phase 
transitions [13]; the distribution of the electron beam 
thermal power across the surface of the pool mirror 
varies according to the Gaussian law; since the lines 
of metal crystallization profiles are not visually trace-
able in the melt of the studied Ti‒6Al‒7Nb alloy, the 
experimental determination of these profiles was car-
ried out on an experimental titanium alloy with sim-
ilar physical properties, in which the crystallization 
profiles are clearly expressed.

The following simplifications are accepted: liquid 
metal is poured into the mould continuously at the 
constant rate and a constant rate of ingot withdrawal 
is ensured, which allows the problem to be considered 
as a stationary process; the mirror of the melt pool 
is a flat surface; the molten metal is assumed to be 
an incompressible viscous liquid; the heat capacity in 
the α–β and L‒S phase transition zones of the alloy 
takes into account the equivalent heat capacity and the 
heat capacity from the latent heat of phase transitions; 
evaporation losses from the melt surface take into ac-
count only the evaporation of titanium.

The mathematical model uses the fundamental 
laws of conservation of energy, momentum, and mass, 
as well as the corresponding heat and mass transfer 
equations based on the Fourier and Navier‒Stokes 
equations. The finite element numerical method was 
used for calculations. The ingots were melted using 
research equipment at the PWI [14‒16].
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The article is a continuation of research published 
by the authors in their work [12].

The originality of the work lies in the fact that, for 
the first time, research has been conducted on the lam-
inar nature of melt flow for a selected mould diameter 
and the rate of Ti‒6Al‒7Nb alloy ingot withdrawal in 
the EBM process.

The practical significance of the work lies in the 
melting of high-quality titanium alloy ingots with a 
homogeneous metal structure.

RESEARCH RESULTS

MATHEMATICAL MODEL OF THERMAL 
AND HYDRODYNAMIC PROCESSES 
IN A CYLINDRICAL INGOT IN THE CASE 
OF LAMINAR METAL MELT FLOW
Let us write down the basic equations [12, 17‒19] 
used in the model. The Fourier heat transfer equation 
in the case of laminar flow of the liquid metal for a 
stationary process is written as [18, 20, 21]:

ρCpu·∇ T + ∇ ·q = 0; q = –λ∇ T,

where ρ is the density of the metal, kg/m3; Cp is the 
specific heat capacity of the metal, J/(kg·K); u is the 
velocity vector of the metal, m/s; ∇  is the nabla op-
erator, m‒1; T is the temperature, K; q is the vector of 
specific heat flow due to heat conduction (heat flow 
density), W/m2; λ is the coefficient of molecular heat 
conduction, W/(m·K).

In the mathematical model, heat input from the 
electron beam and the poured melt is balanced by heat 
removal from: radiation and evaporation from the 
mirror of the metal pool; heat transfer from the side 
surface of the ingot into the mould; radiation from the 
side surface of the ingot wall to the mould wall below 
the boundary of separation of their surfaces and the 
appearance of a gap between them (associated with 
shrinkage of the metal ingot with a decrease in its 
temperature); radiation from the ingot surface outside 
the mould. These factors are taken into account by the 
boundary conditions [12, 17] listed in Table 1.

Mathematical modeling of hydrodynamic processes 
during continuous feeding of incompressible titanium 
melt into the mould was performed using the Navier‒
Stokes equations for laminar flow. For a stationary pro-
cess, the model has the form [12, 17, 20, 22]:

ρ(u·∇ )u = ∇ ·(–pI + K) + Fd + ρg;

K = μ[∇ ·u + (∇ ·u)T]; ρ∇ ·u = 0.
Here p is the averaged pressure value, Pa; I is the unit 
tensor; K is the viscous stress tensor, Pa; Fd is the 
vector of the Darcy braking force, which is artificially 
introduced to reduce and suppress the velocities in the 
viscous and solid zones, Pa/m; g is the vector of free-

fall acceleration, m/s2; μ is the coefficient of molecu-
lar viscosity of the liquid metal, Pa∙s.

In the upper equation, in the last term, ρ is a 
function of temperature T. This involves the idea of 
he Boussinesq approximation, in which the product 
ρg affects convection as T changes, since g is large 
enough for this product to be significant.

Darcy braking force, Pa/m, is calculated using the 
formula from the works [20, 23]:
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where С ≈ 102‒104 kg/(m3s); q ≈ 10‒2‒10‒4 are the val-
ues, whose ratio C/q must be sufficient to suppress 
the flow in a solid metal when FL‒S = 0 (except for the 
melting rate of the ingot ucast). In a liquid metal, when 
FL‒S = 1, the Darcy force Fd = 0 and should not affect 
the flow [23]. In the transition zone, the flow corre-
sponds to the Darcy force. Here FL‒S is an approxima-
tion function that determines the distribution of the 
volumes of liquid and solid metal in the two-phase 
liquidus-solidus zone in the temperature range ТL‒ТS.

The hydrodynamic problem uses the boundary 
conditions [12, 17] from Table 1.

Figure 1 schematically shows a half of the ingot 
over its conditional cross-section along the vertical 
axis of symmetry in the middle of the conditional spot 
on the surface of the pool from the jet of the liquid 
metal poured into the pool, with the designation of 
geometric areas G1‒G7. Therefore, a half of the model 
is considered, since in this cross-section its condition-
al parts are symmetrical and identical. The number of 
nodes in the finite element mesh is 3.1∙106.

The boundary G1, which is limited by the area of 
filling melt into the mould, is the entry to the system 
and can be determined either by an isothermal process 
with a type 1 condition (first equation), where Tin is 
the metal inlet temperature (temperature of the metal 
poured from the cold hearth [24]), or by an isobaric 
process with a type 2 condition for an open wall (sec-
ond equation [12]), where n is the normal vector to 
the surface; uin is the velocity vector of the melt jet 
at the inlet. Here, p0 is the initial pressure value at the 
inlet point of the molten metal flow on the surface of 
the pool, Pa; t is the tangent vector to the surface.

The boundary conditions for the flow velocity 
in the mould are the absence of penetration through 
its walls u∙n = 0 and the presence of shear stresses. 
Therefore, the hydrodynamics problem is solved by 
assuming the presence of sliding along the boundary. 
The condition for the liquid metal flow to reach the 
pool surface, on the contrary, is the presence of pen-
etration into the pool u∙t = 0, but only normal to the 
surface, with the absence of shear stresses — without 
sliding along the boundary in side directions.
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At the boundary G2, which is limited by the area of 
the molten metal surface in the mould, with the excep-
tion of the boundary G1, there is heating of the melt from 
the electron beam (type 2 condition), its cooling due to 
evaporation (type 2 condition) and radiation (type 3 con-
dition) for which: qeb is the specific heat flow from the elec-
tron beam heating this surface, W/m2; Рeb is the thermal 
power from the electron beam, W; Sdz is the surface area 
of the pool of the molten metal, m2, Sdz = πr2; r is the radi-
us of the surface of the pool of the molten metal, m. The 
heat flow qeb is distributed across the surface of the mol-
ten metal pool either uniformly or (and) according to a 
Gaussian distribution along the radius. In the latter case, 
the Gaussian distribution of the heat power from the elec-
tron beam on the surface of the pool and the radius of the 
spot from the beam are taken into account; qev is the specif-
ic heat flow caused by the evaporation of the liquid metal 
from the surface of the pool, W/m2; qrad2 is the specific 
heat flow of radiation from the surface of the liquid 
metal pool, W/m2 [25]; ε2 is the dimensionless emissivity 
coefficient of the system of surfaces of the following 
bodies: liquid metal of the pool surface — vault of the 
vacuum chamber, between which the process of radiant 
heat exchange takes place; σ = 5.67∙10‒8 W/(m2∙K4) — 
Stefan‒Boltzmann constant; Tvault is the temperature of 
the vacuum chamber vault above the pool surface. The 
emissivity coefficient for the system of surfaces of two 
bodies a and b at the i-th boundary is calculated using 
the formula [26]:

εi = (εa
–1+ εb

–1 – 1)–1;
εa and εb are the emissivity coefficients for the corre-
sponding surfaces.

At the boundary G3, which is limited by the walls of 
the mould, both conductive and radiant heat transfer oc-
cur (type 3 conditions), where: qconv3 is the specific heat flow 
in the case of conductive heat exchange, W/m2, passing 
over the height of the mould wall area with a tempera-
ture Tcryst, which is in contact with the liquid metal having 
a temperature above the liquidus temperature TL [25]; h3 
is the heat transfer coefficient from the surface of the liquid 
metal of the ingot, which integrally takes into account the 
heat transfer from it through the mould wall to the cooling 
water, W/(m2∙K). In this area, it is assumed that with a 
decrease in the melt temperature, it linearly decreases 

Figure 1. Geometric model and a fragment of the finite element 
mesh in the region of metal pouring

Table 1. Boundary conditions of the mathematical model [12, 17]
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from the value hin to the value hL; q′conv3 is the specific 
heat flow in the case of conductive heat exchange, W/m2, 
passing along the height of the mould wall area that is in 
contact with the metal ingot, which has a temperature 
lower than the liquidus temperature TL and higher than 
the temperature at which the ingot is separated from the 
mould wall Tsep due to the shrinkage of the metal as a re-
sult of its cooling; hʹ3 is the heat transfer coefficient from 
the surface of the metal ingot, which integrally takes 
into account the heat transfer from it through the mould 
wall to the cooling water, W/(m2∙K). In this area, it is 
assumed that with a decrease in the metal temperature, 
hʹ3 decreases according to the approximation function 
FL‒sep (by analogy with the function FL‒S) from the value 
hL to the value hsep; q′rad3 is the specific heat flow caused 
by radiation from the metal ingot surface, W/m2, which 
falls on the area of the mould wall with the temperature 
of the metal ingot below the liquidus temperature TL and 
above the temperature of the ingot separation from the 
mould wall Tsep; ε′3 is a dimensionless coefficient of the 
reduced emissivity for the system of surfaces of bodies 
in this area; ε3 is a dimensionless coefficient of the re-
duced emissivity for the system of surfaces of bodies of 
the metal ingot and the mould wall, between which the 
process of radiant heat exchange occurs; qrad3 is a specif-
ic heat flow caused by radiation from the surface of the 
metal ingot, W/m2, falling on the area of the mould wall 
with a metal ingot temperature below the temperature of 
the ingot separation from the mould wall Tsep.

At the boundary G4, which is limited by the verti-
cal walls of the ingot yielded from the mould, only ra-
diant heat exchange occurs (type 3 condition), where 
qrad4 is the specific heat flow of radiation from the side 
surface of the metal ingot, W/m2, falling on the wall 
of the vacuum chamber with a temperature Twall, ε4 is a 
dimensionless emissivity coefficient for the system of 
surfaces of bodies metal ingot and wall of the vacuum 
chamber in this area.

At the boundaries G5 and G6, which are limited 
by the cross-sectional plane passing along the vertical 
axis of symmetry of the ingot along its height, type 2 
condition is observed.

The boundary G7 is limited by the cross-sectional 
plane of the of the lower part of the ingot at such a 
distance from its upper part where thermal processes 
no longer affect the thermal processes in its upper part 
in the region of the metal crystallization front. This 
boundary is a conditional exit from the system. The dis-
tance to it is determined by iterative calculation. At this 
boundary, one can choose either type 2 condition of an 
adiabatic process of a closed wall (thermal insulation) 
(first equation), or type 2 condition of isobaric process 
for an open wall (second equation [12]), where Tout is 
the approximate value of the temperature at the bound-
ary G7, which is specified during the calculations; u0 is 
the vector of ingot withdrawal rate, m/s.

The vault and walls of the vacuum chamber are 
water-cooled.

To calculate thermal and hydrodynamic processes 
with a present phase transition in metal, a finite ele-
ment numerical method with a fixed calculation mesh 
was used, in which the liquid and solid phases are 
considered as a single region. The interphase region 
is located between temperatures TL and TS and is con-
sidered as a viscous transition zone, the parameters of 
which change relative to the volume fractions of the 
phases according to a certain law. The liquid phase is 
present at temperatures above the liquidus tempera-
ture TL, and the solid phase is present at temperatures 
below the solidus temperature TS.

The volume fraction of FL‒S liquid in the two-phase 
zone as a function of temperature is described by a 
smoothed function using the erf error function, which 
is an internal function of many computer calculation 
software packages:
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where ymin = 0, ymax = 1; xmin, xmax are the specified min-
imum and maximum values on the abscissa axis, at 
which the minimum and maximum values of the FL‒S 
function approach 0 and 1 (here xmin = TS, xmax = TL); 
xmin,erf, xmax,erf are the minimum and maximum val-
ues on the abscissa axis of the erf function itself, at 
which it approaches the values on the ordinate axis –1 
and 1. Usually, if xmin,erf = –2, the function erf(‒2) = 
‒0.99532, and if xmax,erf = 2, the function erf(2) = 
0.99532, which is a sufficient approximation to –1 
and 1. But if a greater approximation is necessary, 
we can take the value xmin,erf = ‒e, where the function 
erf(‒e) = ‒0.99988, and if xmax,erf = e, the function er-
f(e) = 0.99988.

In the two-phase liquidus-solidus transition zone, 
the FL‒S curve has a growing dependence, and for (1 ‒ 
FL‒S) — a falling dependence (Figure 2). By analogy 
with the FL‒S function, the Fα–β function was also ap-
plied in the corresponding temperature range of the 
α–β phase transition.

For the alloy under consideration, the following 
temperatures are specified: at the artificially expanded 
boundaries of the α-β phase transition, Tα = 1253 K, 
Tβ = 1283 K for the actual temperature Tα–β = 1283 K 



23

Mathematical modeling of heat and mass transfer processes                                                                                                                                                                                                    

                                                                                                                                                                               

[27]; at the boundaries of the S–L phase transition, 
TS = 1873 K, TL = 1923 K, with an actual tempera-
ture TL‒S = 1923 K [27]; the temperature at which the 
ingot is separated from the mould wall Tsep = 1640 K; 
the temperature of the metal at the mould inlet 
Tin = 2061 K. Latent heat of phase transitions (change 
in system enthalpy) [27]: Hα – H25 = 6.36·105 J/kg, Hβ – 
H25 = 6.84·105 J/kg and Hα–β = Hβ – Hα = 4.8·104 J/kg; 
HS – H25 = 1.180·106  J/kg, HL – H25 = 1.466·105 J/kg 
and HL–S = HL – HS = 2.86·105 J/kg; H25 is the initial 
enthalpy of the system at 25 °C (298 K).

Thermophysical parameters
take into account their changes from temperature and 
α‒β and L‒S phase transitions, while the specific heat 
capacity of metal also takes into account the latent 
heat of phase transitions, which were calculated using 
the methodology described in [18].

The finite element numerical method is sensitive 
to discontinuities and step jumps in function values, 
when the method cannot always find a solution and 
calculations fail. Step changes in the thermophysical 
characteristics of titanium alloys are present at α‒β 
and L‒S phase transitions. It is necessary to make 
such a mathematical description of the functions in 
order to achieve a smooth transition of values in the 
zone of step jumps. For this purpose, an approach 
known in modelling of thermal processes was used, 
involving a slight artificial expansion of the ranges of 
such zones [13] in which the values of characteristics 
change smoothly. In the case under consideration, this 
is conveniently implemented by the functions Fα–β, 
1 – Fα–β, FL‒S and 1 – FL‒S, taking into account the in-
crease or decrease in values in phase transitions. The 
approximations of the thermophysical parameters are 
performed namely in this way (Figure 3) [12].

Figure 3 shows the approximation curves of the sim-
ulated thermophysical characteristics of Ti–6Al–4V ti-
tanium alloy as a function of temperature, obtained from 
the data in [27]. Similar dependencies for Ti‒6Al‒7Nb 
alloy have not been found in the literature. However, 
the characteristics of these related alloys are very simi-
lar, so the ratios for the first alloy can be applied to the 
second alloy with a sufficiently close approximation. 
Moreover, the specific heat capacity Cp for Ti‒6Al‒7Nb 
alloy can be specified using existing methods.

For an approximate calculation of the heat capacity 
of titanium alloys, the Neuman‒Kopp rule (the rule of 
additive heat capacity) can be used. This is an empiri-
cal method for estimating the specific heat capacity of 
multicomponent alloys and complex materials based 
on the heat capacities of their constituent elements. 
The approach is based on the assumption that the total 
specific heat capacity of the alloy is the sum of the 
heat capacities of its individual components. For an 

approximate estimate of the specific heat capacity of 
the alloy Cp, the following ratio is used:

,
1

,
n

p i p i
i

C N C
=

=∑

where Ni is the mass fractions of the i-th component 
of the alloy, %; Cp,i is the specific heat capacity of the 
i-th component of the alloy; n is the number of com-
ponents of the alloy.

Based on this approach, the heat capacity values 
for Ti‒6Al‒4V and Ti‒6Al‒7Nb alloys were calculat-
ed. The Cp values obtained using the Neumann‒Kopp 
rule for Ti‒6Al‒7Nb alloy are lower than the Cp values 
for Ti‒6Al‒4V alloy obtained using the same rule by 
an average of 3 % over the entire calculated tempera-
ture range of 300‒2800 K. However, if we compare 
the calculated values of heat capacity Cp obtained us-
ing the Neumann‒Kopp rule and the existing data for 
Ti‒6Al‒4V alloy [27], the discrepancy between them 
in the temperature range from 300 to 1800 K does not 
exceed 5 %, and from 1800 K to 2800 K it increases 
to 17 %, which indicates the insufficient accuracy of 
this approach at high temperatures.

The second, more accurate approach to calculat-
ing the specific heat capacity of Ti‒6Al‒7Nb alloy is 
based on the already known values of the dependence 
of Cp on the temperature of Ti‒6Al‒4V alloy [27]. 
Since Ti‒6Al‒4V and Ti‒6Al‒7Nb alloys differ only 
in V and Nb elements, and to a small extent, in the Ti 
content, it is worth applying the approach of additive 
contribution of elements to the heat capacity.

This approach is based on the use of the rule of total 
contributions, according to which the specific heat ca-
pacity of a multicomponent alloy can be expressed as a 
linear combination of the heat capacities of its constitu-
ent elements, which can be described as follows:

Cp(T)Ti–6Al–7Nb = Cp(T)Ti–6Al–4V + ∆Cp.

Figure 2. Dependence of the volume fraction of liquid on tem-
perature in the two-phase zone when using the FL‒S and (1 – FL‒S) 
functions



24

I.V. Krivtsun et al.

                                                                                                                                                                                       

                                                                                                                                                                                                    

Here, ∆Ср is a correction that takes into account the 
difference in the heat capacities of V and Nb. The heat 
capacity of pure V and Nb is available from literature 
sources and can be used to calculate the contribution 
of substituted atoms:

∆Cp = (Cp,Nb – Cp,V)·∆ω,
where ∆ω is the difference in the content of substituted 
elements.

As a result, the calculated heat capacity values for 
Ti‒6A1‒7Nb alloy were found to be lower than the 
known data for Ti‒6A1‒4V alloy by an average of 
3 % over the entire temperature range of 300‒2800 K. 
This indicates the high accuracy of the used approach. 
Figure 3 shows the known dependence of Cp(T) for 
Ti‒6A1‒4V alloy [27] and the calculated dependence 

for Ti‒6A1‒7Nb alloy, which was used for the calcu-
lations.

Regarding losses to evaporation from the melt 
surface (Figure 3, d). No such data has been found 
in the literature for Ti‒6A1‒4V and Ti‒6A1‒7Nb al-
loys. Therefore, it is necessary to use known data for 
pure titanium. This is acceptable since the alloying el-
ements for these alloys constitute 10 and 13 % of the 
specific masses of the alloys, respectively.

In [28], an approximate formula is given that de-
scribes the dependence of the logarithm of the pressure 
P of saturated titanium vapour on temperature T, K:

lgP(T) = –A·T –1 + B – C·lg(T),
where the approximation coefficients for Ti are: 
A = 22964; B = 10.581 and C = 0.373.

Figure 3. Approximation dependencies of the modelled thermophysical parameters of Ti–6A1–7Nb titanium alloy on temperature T: 
a — density ρ; b — thermal conductivity λ; c — specific heat capacity C′p, d — specific heat capacity Cp taking into account the latent 
heat of α–β and L–S phase transitions; e — evaporation losses qev from the surface of the Ti melt
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The saturated vapour pressure is equal to 
P(T) = 10lgP(T).

Using the Langmuir equation [30], the evaporation 
rate of titanium, kg/(m2∙s), is determined

( ) ( ) .
2

mol
ev

MJ T P T
R T

=
⋅π⋅ ⋅

Here, Mmol is the atomic (molar) mass of Ti, Mmol = 
= 0.047867 kg/mol; R is the universal gas constant, 
R = 8.31446261815324 J/(mol∙K).

From the known value of the latent molar heat of 
evaporation of titanium ΔHev,mol = 410 kJ/mol [28], its 
latent heat of evaporation is calculated:

ΔHev = ΔHev,mol /Mmol = 8565.4 kJ/kg.
The specific power of titanium evaporation losses 

depending on temperature is equal to

qev(T) = Jev(T) ΔHev

and is shown in Figure 3, d.

RESULTS AND ANALYSIS 
OF MATHEMATICAL MODELLING 
OF LAMINAR HYDRODYNAMIC 
PROCESSES AND TEMPERATURE FIELDS 
IN THE INGOT
Three-dimensional mathematical modelling was per-
formed for a system of laminar hydrodynamic pro-
cesses and temperature fields in the ingot in a con-
tinuous mould with an internal diameter of 110 mm 
and a height of 150 mm at a mass withdrawal rate of 
the ingot (melting rate) of 20 kg/h. The pouring of 
preliminary molten metal from a cold hearth onto the 
surface of the pool occurs near the mould wall into a 
conditionally square spot of 10×10 mm (equivalent 
diameter is 11.3 mm). The rate of metal pouring into 
the pool and its pressure on its surface are taken into 
account by the boundary conditions at the boundary 
G1 (Table 1). The surface of the liquid metal pool is 
heated by a 16 kW power electron beam with an ef-

ficiency of 75 %, which moves in a circle around the 
periphery of the pool according to the Gaussian distri-
bution of the electron beam thermal power (Figure 4).

Based on the developed mathematical model, tem-
perature fields and hydrodynamic flows were calcu-
lated for the case of forming a Ti‒6Al‒7Nb titanium 
alloy ingot using the EBM method. Here, the tem-
perature-dependent thermophysical characteristics of 
the metal were used, and interphase transition zones 
were taken into account. This allowed identifying the 
regularities of the distribution of hydrodynamic flows 
in the liquid metal and temperature fields, as well as 
the metal crystallization front during ingot formation.

Figure 5, a shows the directions of the velocity 
vectors of the liquid metal flows, excluding the with-
drawal rate of the ingot towards the bottom in the ax-
ial direction. A cross-section along the vertical axis of 
symmetry of the ingot is considered in the middle of 
the conditional spot on the surface of the pool from 
the jet of the liquid metal poured into the pool. The 
size of the vectors is selected on a logarithmic scale 
proportional to the velocity of the melt.

Figure 4. Distribution of the thermal power of the electron beam 
qeb over the ingot surface (along the y coordinate)

Figure 5. In the section (along the y coordinate) along the vertical axis of symmetry of the ingot (z coordinate) at the centre of the 
conditional spot on the surface of the pool from the jet of liquid metal poured into the pool, the following are presented: a — flows of 
the liquid metal in the pool; b — temperature on the surface of the pool
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Figure 5, b shows a diagram of the temperature distri-
bution on the pool surface of the liquid metal according 
to the Gaussian distribution of the thermal power of the 
electron beam around the periphery of the melt.

Figure 6, a shows the directions of the velocity 
vectors of the liquid metal flows, excluding the with-
drawal rate of the ingot towards the bottom in the ax-
ial direction. A cross-section along the vertical axis 
of symmetry of the ingot at an angle of 90° from the 
centre of the conditional spot on the surface of the 
pool from the jet of the liquid metal poured into the 
pool is considered. This plane is perpendicular to the 
plane shown in Figure 5, a. Only half of the figure is 
shown, since the other half is symmetrical.

Figure 6, b shows a diagram of the temperature 
distribution on the surface of the molten metal pool.

Figure 7 shows the three-dimensional distribution of 
the temperature field and the directions of the velocity 

vectors of the metal flow in the mould, excluding the 
withdrawal rate of the ingot towards the bottom.

Flows of the liquid metal (Figure 5, a) spread from 
the point of its pouring on one side of the mould wall 
to the opposite side of the wall, forming a small vortex 
near the latter. The figure shows the isotherms of the liq-
uidus TL (upper curve) and solidus TS (lower curve) at 
the boundary of the crystallization front. The position 
and geometry of this front (Figure 5, a, Figure 6, a and 
Figure 7) largely determine the quality of the ingot for-
mation and the concentration of alloying elements in its 
volume. The flatter the front, the more homogeneous the 
structure of the solid metal ingot in the radial direction.

An important criterion for the quality of titanium 
alloy ingots is the smooth appearance of their side 
surfaces. Therefore, during melting, it is necessary to 

Figure 6. In the section at an angle of 90° (along the x coordinate) along the vertical axis of symmetry of the ingot (z coordinate), the 
following are presented: a — flows of the liquid metal in the pool; b — temperature on the surface of the pool

Figure 7. Three-dimensional distribution of the temperature field 
and metal flows in the mould, excluding the rate of ingot with-
drawal to the bottom

Figure 8. Distribution of the temperature field and metal flows in 
the mould (top view along the x and y coordinates)
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minimize the contact of the liquid metal pool with the 
mould wall in order to avoid corrugations on the side 
surfaces of the ingots.

The correct choice of the electron beam position 
in the radial direction on the pool surface ensures the 
condition that the liquid metal in the pool has less 
contact with the mould wall, and the intensity of the 
beam provides the desired depth and geometry of the 
crystallization front. The diagram of the temperature 
distribution on the surface of the molten metal pool 
(Figure 5, b) shows that the maxima on the curve are 
predetermined by the concentrations of thermal pow-
er introduced by the electron gun beam. This tem-
perature distribution ensures the required shape of the 
metal crystallization front in Figure 5, a.

In the cross-section of the ingot in Figure 5, a, a 
single vortex flow is observed.

Figure 8 shows the distribution of the temperature 
field and metal flows in the mould (top view), and 
Figure 9 shows the three-dimensional distribution of 
the molten metal flows in the ingot.

The flows of the molten metal for different verti-
cal cross-sections of the ingot in Figures 5, a and 6, a 
are different, as they depend on the place where the 
liquid metal is poured into the mould. This is seen in 
the three-dimensional distribution of the temperature 
field and metal flows in the mould (Figures 7 and 8) 
and the melt flows in the ingot (Figure 9). In the top 
view (Figure 8), a pronounced diametrical distribu-
tion of metal flows is observed, which is caused by the 
action of flows from the liquid metal poured into the 
mould and the thermal power from the electron beam.

Analysis of the results obtained using the math-
ematical model showed that the velocity of the liq-
uid metal in the mould at the point of pouring is 
18∙10‒3 m/s, and the velocity of a circumferential flow 
closer to the centre of the mould on the pool surface 
is ~2∙10‒3 m/s (Figure 9), which corresponds to Reyn-

olds numbers Re ≈ 260 and 125, the value of which 
characterises the laminar flow of the melt in the pool.

Figure 10 shows the directions of the liquid metal 
flows, taking into account the rate of ingot withdraw-
al downwards in the axial direction. A cross-section 
along its vertical axis of symmetry is considered in 
the middle of the conditional spot on the pool surface 
from the jet of the liquid metal poured into the pool.

The results of calculations of metal trajectories 
confirmed the adequate use of the Darcy function to 
suppress the metal movement in the solid phase.

ANALYSIS OF THE RESULTS 
OF MATHEMATICAL MODELLING 
OF THE INFLUENCE OF EBM 
TECHNOLOGICAL PARAMETERS 
ON LAMINAR HYDRODYNAMIC PROCESSES 
AND TEMPERATURE FIELDS IN THE INGOT
Mathematical modelling was performed for different 
positions of the electron beam centre relative to the 
vertical axis of symmetry of the ingot and different 
withdrawal rates.

In order to determine how the position of the elec-
tron beam, moving in the azimuthal direction along the 
surface of the ingot, affects the melt pool, Figure 11 
shows the temperature distribution on the surface of 
the pool for different positions of the electron beam 
centre relative to the vertical axis of symmetry of the 
ingot at distances of 39, 41, 43 (operating mode), 45 
and 47 mm. Figure 12 shows the temperature distri-
bution and crystallization profiles of the metal and 
two-phase zones in the case of the electron beam po-
sition relative to the vertical axis of symmetry of the 
ingot: a  — at a distance of 39; b — 43 (operating 
mode); c — 45 mm. It is seen that the position of the 
beam significantly affects the geometry of the pool. 
The closer the beam rotates to the centre (39 mm), 
the higher the temperature on the surface of the melt 
(Figure  11) and the deeper the pool becomes (Fig-
ure 12, a). When the beam is moved away from the 
centre of the mould (43 mm — operating mode), the 

Figure 9. Three-dimensional distribution of the molten metal 
flows in the ingot with the scale of their velocity v

Figure 10. Directions of flows of the liquid metal taking into ac-
count the rate of ingot withdrawal to the bottom in the axial di-
rection (along the z coordinate) in the cross-section (along the y 
coordinate) along its vertical axis of symmetry
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temperature on the surface of the melt decreases and 
reaches the liquidus temperature TL of the melt in the 
lower part of the curve ( Figure 11), which is optimal, 
and the pool decreases in depth (Figure 12, b). In this 
case, the crystallization profile becomes flatter, which 
is the desired result. When the centre of the beam is 
moved by 45 mm from the vertical axis of symme-
try of the mould, the temperature at the bottom of the 
curve becomes lower than the solidus temperature TS 
(Figure 11) and an island of solidified metal appears 
on the surface of the pool (Figure 12, c), while the 
pool decreases in depth. However, this is an unaccept-
able mode due to the appearance of unmelted metal 
on the surface of the pool. If the centre of the beam 
is moved by 47 mm, the temperature on the surface 
of the pool becomes even lower (Figure 11), and the 
proportion of unmelted metal increases.

A significant cause for the decrease in temperature 
on the surface of the melt when the centre of the elec-
tron beam is moved from the vertical axis of symme-
try of the mould towards its wall is that a significant 
part of the beam hits the upper end of the mould wall 
rather than the surface of the melt. This reduces the 
useful power for heating the melt.

Figure 13 shows how the temperature field distri-
bution, flows of the liquid metal, its crystallization 
profiles and two-phase zones change at different rates 
of melt pouring into the mould and, accordingly, at 
different withdrawal rates of the ingot. It is seen that 
as the rate of pouring the melt increases, the depth 
of the pool increases significantly, and its profile be-
comes more concave.

A flatter metal crystallization front of the metal 
ingot, which is desired, is formed at lower rates of 

melt pouring into the mould and, accordingly, at low-
er rates of ingot withdrawal.

Figure 14, a and b shows the interpolation de-
pendencies of the liquid metal pool depth l and the 
liquid metal pool shape coefficient kf, which is equal 
to the ratio between the mould diameter dkr and the 
pool depth l, kf = dkr/l, on the mass withdrawal rate of 
the ingot vg, which pass through six calculation points 
corresponding to the pool depths in Figure 13.

With an increase in the mass withdrawal rate of the 
ingot above 10 kg/h, the pool depth grows linearly, 
and the coefficient kf decreases.

In the case of a mass melting rate of 20 kg/h and an 
electron beam heating power of 16 kW in the mould, 
a crystallization front close to flat one is formed, and 

Figure 11. Temperature on the surface of the melt pool in the case 
of different position of the electron beam centre relative to the 
vertical axis of symmetry of the ingot (along the z coordinate) at 
distances (along the y coordinate) of 39, 41, 43 (operating mode), 
45 and 47 mm

Figure 12. Temperature distribution and profiles of metal crystal-
lization and two-phase zones (along the y coordinate) in the case 
of different position of the electron beam relative to the vertical 
axis of symmetry of the ingot along the z coordinate: a — at a 
distance of 39; b — 43 (operating mode); c — 45 mm
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the pool shape coefficient is 3.24, i.e. the depth of the 
melt pool is 3.24 times less than its width.

Figure 15 shows the temperature distribution on 
the surface of the melt pool for different mass with-
drawal rates of the ingot: 5, 10, 15, 20 (operating 
mode), 25 and 30 kg/h. For rates of ingot withdraw-
al of 10‒30 kg/h, the position of the electron beam 
centre relative to the vertical axis of symmetry of the 
ingot was at a constant distance of 43 mm, which cor-
responds to the operating mode. For a mass rate of 
5 kg/h, this distance was taken smaller — 41 mm in 
order to ensure a complete melting of the metal on 
the pool surface, since at a distance of 43 mm in this 
mode, an island with solidified metal is formed in the 
center of the pool surface, which is unacceptable. Re-
ducing this distance to 41 mm led to an increase in the 

temperature on the pool surface, and accordingly to a 
rise in the temperature distribution curve (Figure 15) 
for a mass rate of 5 kg/h. This caused the appearance 
of a nonlinear region on the diagrams (Figure 14, a) 
for a mass rate of less than 10 kg/h.

In order to assess the adequacy of the plotted 
mathematical model, an ingot with a diameter of 
110  mm was metled from an experimental com-
plex-alloy titanium alloy, close in physical properties 
to Ti‒6A1‒7Nb alloy, in which the metal crystalliza-
tion profiles are clearly displayed. A longitudinal tem-
plate was cut out from the upper part of this ingot and 
its macrostructure was revealed by etching. A great 
number of alloying elements in the experimental al-
loy allowed a clear identification of the crystallization 
profiles at different melting rates. Figure 16 shows 

Figure 13. Distribution of the temperature field, flows of the liquid metal and profiles of its crystallization and two-phase zones (along 
the y and z coordinates) in the case of different mass rates of ingot withdrawal (along the z coordinate), kg/h: a — 5; b — 10; c — 15; 
d — 20 (operating mode); e — 25; f — 30



30

I.V. Krivtsun et al.

                                                                                                                                                                                       

                                                                                                                                                                                                    

a macrosection of the template of the upper part of 
the ingot, cut out in the axial plane and with marked 
contours of the ingot crystallization fronts on it: sol-
id lines are real contours; dashed lines are calculated 
contours. In this Figure, the lower crystallization pro-
file, marked with a light solid line, corresponds to the 
operating mass rate of ingot withdrawal of 20 kg/h.

At the final stage of ingot melting, the melting rate 
decreases. In Figure 16, two more crystallization profiles 
are marked with light solid lines, which correspond to 
the mass withdrawal rate of the ingot at the level of 15 
and 10 kg/h. This Figure also shows the calculated light 
dashed lines of the crystallization profiles for mass rates 
of 10 kg/h from Figure 13, b; 15 from Figure 13, c and 
20 from Figure 13, d. Comparison of the real contours of 
the ingot crystallization fronts, indicated by solid lines, 
and the calculated contours of the crystallization fronts, 
plotted on the figure by light dashed lines, indicates a 
good coincidence of the front profiles and acceptable ac-

curacy of the results of mathematical modeling for the 
laminar nature of the melt flow movement.

The macrosection of the lower working area of the 
ingot (Figure 16) is characterized by the absence of 
cavities and discontinuities, and the macrostructure of 
the ingot has crystals close to equiaxed, which is an 
indice of a high ingot quality. The upper part of the 
ingot, formed at the final stage of melting and remov-
al of the shrinkage cavity, is characterized by large 
non-equilibrium crystals, has a different composition 
of alloying elements due to their evaporation and is 
not considered to be one that provides an acceptable 
metal quality. Therefore, it is cut off and remelted 
during subsequent ingot melting.

Thus, for EBM of titanium alloys in a mould with a 
diameter of 110 mm, as a result of comparing the cal-
culated profile of the crystallization front of the metal 

Figure 14. Interpolation dependences on the mass rate of ingot withdrawal vg: a — depth of the liquid metal pool l; b — shape coeffi-
cient of the liquid metal pool kf

Figure 15. Temperature distribution on the surface of the melt 
pool (along the y coordinate) in the case of different mass rates of 
ingot withdrawal, kg/h: 5, 10, 15, 20 (operating mode), 25 and 30

Figure 16. Macrosection of the template of the upper part of the 
ingot, cut out in the axial plane and with the contours of the ingot 
crystallization fronts marked on it: solid lines are real contours; 
dashed lines are calculated contours
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in the ingot with the actual crystallization profile of 
the molten ingot, it was established that the laminar 
representation of hydrodynamic flows of the liquid 
metal in the ingot gives a result closer to the real pro-
file than their turbulent representation from [12].

Analysis of the obtained results showed that heat 
transfer in the liquid phase of the ingot in the lami-
nar mode is mainly predetermined by heat and mass 
transfer due to the movement of the molten metal, 
and the power of the electron beam and the type of its 
coverage of the surface of the pool have a very signif-
icant effect on the depth and shape coefficient of the 
melt pool in the mould.

According to the calculated modes, high-quality 
ingots with a diameter of 110 mm of medical titanium 
Ti‒6A1‒7Nb alloy alloy with a practically homoge-
neous metal structure were melted at the PWI [30].

Factors that affected the accuracy of the calcula-
tions include the simplifications and assumptions used 
in the development of the mathematical model, which 
did not significantly affect the overall trends in ingot 
formation during EBM. Further research should fo-
cus on improving the mathematical model with fewer 
simplifications and assumptions.

Mathematical modeling has made it possible to 
eliminate the very costly method of sampling to de-
termine technological modes from the preparation for 
conducting a technological process and is useful and 
relevant for foundry engineers.

Conclusions
1. A three-dimensional mathematical model of ther-
mal and stationary laminar hydrodynamic processes 
based on the Navier‒Stokes equations in the melt of 
a cylindrical ingot has been developed. The ingot is 
melted by the method of electron beam melting, in 
which the beam moves along the circumference of the 
melt pool periphery according to the Gaussian distri-
bution of thermal power from the beam.

2. According to the results of mathematical mod-
eling, the temperature fields and laminar hydrody-
namic flows of the molten metal in Ti‒6Al‒7Nb 
titanium alloy ingot with a diameter of 110 mm 
were obtained. The geometry of the two-phase liqui-
dus‒solidus zone, which determines the metal crys-
tallization front, was determined. In the case of an 
electron beam heating power of 16 kW and a mass 
melting rate of 20 kg/h, such a crystallization front is 
formed, which provides a practically homogeneous 
structure of the metal ingot.

3. For the considered system of EBM process for 
Ti‒6Al‒7Nb titanium alloy, as a result of comparing 
the calculated metal crystallization profile in the ingot 
with a diameter of 110 mm with the crystallization 
profile of a molten ingot, it was proven that the lam-
inar representation of hydrodynamic flows of the liq-

uid metal in the ingot gives a result closer to the real 
profile than their turbulent representation.

4. Based on the calculated data, it was found that 
heat transfer in the liquid phase of the ingot is mainly 
predetermined by heat and mass transfer due to the 
movement of the molten metal, and the distribution 
of the electron beam power on the pool surface has a 
very significant effect on heat and mass transfer and 
on the depth of the melt pool.

5. It has been established that a flatter crystallization 
front of the metal ingot, which is desired, is formed at 
lower rates of pouring the melt into the mould and, ac-
cordingly, lower rates of ingot withdrawal.
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