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The analysis of the correct calculation of chemical potentials of components in metallurgical processes is provided 
and the importance of the proper selection of the reference state is highlighted. This has direct implication on correct 
calculation of activity which must follow the principles of thermodynamics and be suitable for practical application in 
pyro- and hydrometallurgical processes. Ref. 9, fig. 1.
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All metallurgical processes involve generation, han-
dling and treatment of different solutions: metallic, 
sulfide or oxide melts (pyrometallurgy), aqueous liq-
uids and suspensions (ore dressing, hydrometallurgy). 
These solutions may comprise only few components 
like Fe‒Si‒C or Fe‒Mn‒C, or can have dozens of 
components in complex alloys and slags. In all the 
cases knowledge of the correct thermodynamic prop-
erties of the components of these solutions as function 
of temperature and composition is of a paramount im-
portance for design of a metallurgical process and its 
optimization to maximize useful element extraction at 
minimal costs, emissions and energy requirements.

The direction and extent (the equilibrium state) of 
a process can be predicted by the combination of the 
Gibbs energy of phases and material balance at each 
temperature and pressure. For a process to be thermo-
dynamically possible, this combination should lead 
to decrease of the total Gibbs energy of the reacting 
system. This imposes the tendency of equalization of 
temperature (thermal energy), pressure (mechanical 
energy) and chemical potentials of all the species with-
in the system (melts in the furnace with the slag and gas 
phases). It is known that equilibration of chemical po-
tentials may take place through both matter transforma-
tion (chemical reactions within the phase and between 
the phases) and transport processes (diffusion of spe-
cies from areas of higher chemical potentials to areas of 
lower chemical potentials, convection and associated 
phase transitions). Here we will address the first part — 
the definition and transformation of chemical potentials 
in chemical sense, relevant for correct description of 
the metallurgical processes.

For an accurate depiction of the processes involved 
solutions, a consistent thermodynamic description of 
the species chemical potential and the free energy is 

required. Equilibrium calculations must also take into 
account the selection of the correct reference state 
and concentration dependence of chemical potentials 
(or activity coefficients) in the solution range, which 
rather often is not treated in a proper way. In this anal-
ysis, we revisit the definition and formulation of both 
activities and chemical potentials and address the lim-
itations imposed on their calculation and application.

Theoretical background. At constant tempera-
ture (t) and pressure (P), the driving force for a pro-
cess is the tendency to the minimization of free en-
ergy of the system. Even the equilibrium state is not 
fully achieved, the path for free energy minimization 
tells about the extent when the process might be im-
plemented. In most metallurgical processes T and P 
are fixed or known, and the direction of individual 
processes can be analyzed by Gibbs energy G(t) =  
= H(t) – T∙S(t), where H(t) is the enthalpy and S(t) 
is entropy. The partial Gibbs energy of the component 
(i.e. the chemical potential μi of this component) is 
defined as change of the molar Gibbs energy with in-
creasing number of moles of this component ni, keep-
ing t, P and other components amount (nj) constant, 
whereas the molar fractions of the components Xj can-
not be held constant:
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Here is the first source of the common mistake: the 
derivation of the free energy to obtain chemical poten-
tial is sometimes done by its concentration and not by 
number of moles of the selected component. The defi-
nition of the chemical potential (1) clearly states that 
all molar amounts (and not concentrations) of other 
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components must be kept constant during the deriva-
tion. The second common mistake is in ignoring the 
mathematical procedure limitations. Implementation 
of derivation in (1) for a component i, the free energy 
G must be 1) continuous, 2) differentiable function of 
the amount of the substance i in 3) existing homoge-
neous solution phase. The chemical potential has to 
be therefore achievable in real (and not hypothetical) 
solutions that must exist across the whole considered 
concentration range. If this is not the case, the Gibbs 
energy function is not continuous and cannot be dif-
ferentiated in the required domain — then chemical 
potential cannot be determined within the Gibbs ther-
modynamic formalism.

Third source of errors might arise when the Max-
well’s relations for partial derivatives are not held for 
data used for calculation of the chemical potential [1]:
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Here derivation is again performed by number of 
moles and not by molar/percentile fractions, as in the 
latter case it is impossible to preserve the total num-
ber of moles of other components in the system [2] 
violating conditions (1). In the case of equilibrium, 
the change of Gibbs energy (dG) must approach zero:
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which is a well-known Gibbs‒Duhem equation. From 
(3) it follows that at dT = dP = 0 the equilibrium state 
requires no further changes in the chemical potentials 
of the components in all phases, as the amount of spe-
cies is always positive.

An expansion of the calculation to multi-com-
ponent solution becomes more complex for each 
additional component, because all chemical poten-
tials must be recalculated by correct derivation. This 
makes direct use of chemical potential in metallurgi-
cal practice rather challenging. Hence for practical 
reasons it is more convenient to use activity ai, linking 
the chemical potential of the component μi to its molar 
concentration Xi in relation to the reference state 0

iµ :
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Activity (together with the activity coefficient γi) 
of a component is a measure of «effectiveness» of the 
component in that particular solution in respect to its 

reactions with other components. Classical (Raoult) 
definition of activity relates it to the partial pressure of 
the dissolved component in a solution vs. its reference 
state as pure substance:

 
0( ) ( ) / ,i i i i ia X P X P=

 (5)

where Pi is the partial pressure of this specie and P0 is 
its pressure in the reference state (giving 0

ia  = 1). The 
reference state assigned to the pure substance is tak-
en by default by many thermodynamic calculations. 
However, for metallurgical system it is confusing to 
use e.g. pure sulfur relating this to melts of 1873 K 
temperature.

When concentration of one component is low (as 
often assumed also in aqueous solutions), often a 
Henrian reference state is assumed — there activity 
coefficient γi there is taken as a constant (in ideal solu-
tions, γ = 1 in the whole concentration range). This has 
a limited application to «dilute» solutions only, but in 
general case that degree of dilution cannot be rigor-
ously assigned with some numerical value (0.2 % Cr 
in iron might be considered «dilute», but 0.2 % O is 
likely not). A solution seen as a «dilute» from a practi-
cal point of view, might not at all be dilute in Henrian 
sense [2].

The reference state selection is therefore of a par-
amount importance in chemical thermodynamics, as 
wrong or incompatible states make respective ther-
modynamic calculations useless. Historically in met-
allurgy it was not uncommon to take the reference 
state as 1 wt. % of the substance in the solvent (for 
example, in the steelmaking 1 % oxygen in liquid iron 
at 1873 K, even such solution does not exist). How-
ever, as shown in [2‒4] such selections are wrong and 
should not be used. Despite some handbooks are stat-
ing that the selection of the reference state is a matter 
of taste and usability, any such selection should not 
violate basic thermodynamic principles.

Correct definition and calculation of activities. 
Following the basic thermodynamic principles, it is 
possible to formulate rigorous conditions for activi-
ties and chemical potentials calculation:

the Gibbs energy function must be a continuous 
and differentiable by the amount of the substance in 
the solution phase, and this solution must really exist, 
not being hypothetical (otherwise the derivation in (1) 
cannot be performed);

the chemical potential and thus activity of the 
component must be real, measurable and continuous 
functions in the solution phase. Every correct refer-
ence state must be achievable within the proper con-
centration range;
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the activity function of any component must fulfill 

the following three relations:
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where superscript 0 indicates respectively partial en-
thalpy Hi and partial molar volume Vi in the reference 
state. Note that in (6) the requirement of constant 
number of moles ni has been converted to the require-
ment of constant ratios of concentrations of other 
components (Xj /Xk) as we have transformed chemical 
potentials μi(n) to activities ai(X);

the reference state must always be achievable by 
a continuous changing of the substance concentration 
keeping the same solution (phase) structure type, and 
it has always unity value of the activity;

the activity of a component in the absence of that 
component must be zero.

For the solutions which do not cover the whole 
composition range (e.g. in the case of saturated lim-
it such O or C in Fe-based systems), the reference 
state cannot be chosen as pure component (5), since 
the third rule (6) would be violated and in the first 
and second equations (6) partial enthalpy and partial 
molar volume would be unobtainable. Here the refer-
ence state must be chosen at the substance saturation 
point, when all three relations (6) hold. This is shown 
in Fig. 1, a for ideal solution and Fig. 1, b for limited 
solubility of the component B in A.

A special case for activities calculation which is 
also prone to common mistakes is for solutions having 
charged species (ions) such as oxide melts (slags) and 
aqueous systems. The major difficulty is impossibility 
of definition of the chemical potential in a standard 
Gibbs way, because it is not possible to increase num-
ber of moles of any ion without simultaneous chang-
ing the equal amount of a counter-ion. In other words, 
it is impossible to just add or subtract electrons to/
from the system without breaking the electroneutrali-
ty conditions [5]. Only concentration of a pair of ions 
(cation – anion) of equal charges could be theoreti-
cally varied, and hence commonly seen in literature 
diagrams as function of pH or SiO4

4‒ concentration 
are not thermodynamically correct diagrams [7].

The serious thermodynamic failure of this ap-
proach is artificial separation of the main component 

(solvent) from others (solutes), making the system 
non-symmetric, and use of molality scale, which au-
tomatically excludes the whole composition range, as 
was pointed out in [3, 4]. Many such hypothetical ref-
erence states, previously used in metallurgical prac-
tice for years, are therefore lacking rigorous back-
ground although they can be applied in engineering 
calculations. These states do not generally satisfy the 
main thermodynamic rules and thus cannot be recom-
mended [3, 6].

In earlier developments of thermodynamics of 
metallurgic processes, Wagner formalism with Tay-
lor’s series expansion of the activity coefficient was 
conventionally used [2, 6] when the reference state 
was chosen as 1 wt. % of the component (even this 
solution could not exist). This mislead to results when 
such activities are being attempted to equilibrate with 
other phases and such method should not be used [6, 
7]. Taylor’s series expansion is only valid within the 
vicinity of the differentiation (expansion) point and 
might not be extrapolated over the wider concentra-
tion range. Hillert [4] has also shown that traditional 
Wagner’s expressions for free energy are invalid in 

Fig. 1. The schematic illustrating selection of correct reference 
states for ideal A–B solution (a) and for a limited solubility of B in 
A (b). In the second case, the correct reference for B is the saturat-
ed solution at the concentration XB*, as in the two-phase area there 
is no changes in composition of the phases, only in their amounts
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respect to the Gibbs‒Duhem equation, unless a spe-
cial correction term is added. At such conditions, this 
may lead to thermodynamically impossible phase dia-
grams, which cannot exist in reality [7, 8].

Suggested calculation procedure. The chemi-
cal potential of a component in the multi-component 
solution can be expressed in terms of molar fractions 
and the integral molar Gibbs energy Gm:
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which allows calculation of for any cross-section of 
the compositional space by derivation of Gibbs ener-
gy. Special care must be taken when selecting proper 
concentration paths for free energy and chemical po-
tential calculation, because in a multi-component sys-
tem it may depend on the integration path. Taking into 
account the last rule of (6), the derivative of chemical 
potential of a component by its molar fraction (and 
not by number of moles) takes the form at Xj /Xk =  
= const:
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where the Gm term includes 1) the sum of the refer-
ence free energy terms, 2) mixing entropy of ideal 
solution and 3) the excess Gibbs energy responsible 
for the deviation from the ideal behavior:
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with interaction parameters L(n) of second and high-
er orders of n are temperature-dependent (ternary 
and higher parameters also can be added). Extended 
Gibbs‒Duhem equation (7) is well known, but its direct 
application in metallurgical practice is not straightfor-
ward if the reference data are not well defined (for 
example, taking pure liquid oxygen at 1873 K as a 
reference for Fe‒Mn‒O system is clearly an improp-
er choice). Application of (8) eliminates the reference 
Gibbs energies as they become a constant term in both 

terms of the equation. Furthermore, selection of paths 
of Xj /Xk = const and making the calculations for each 
of them simplifies the procedure. In a ternary system 
like Fe‒Mn‒O fixing XFe/XMn = const automatically 
makes Gibbs energy dependence at constant tempera-
ture only from XO because of the equalities
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Hence most of cross-derivatives in (8) even those 
not directly including XO could be considered con-
stants at t, P = const, and the calculation could be 
straightforward. The validity of rules (6) is fulfilled 
when the non-negativity condition (8) holds. Calcu-
lation of activities will be performed backwards after 
the chemical potential derivative (8) is properly ac-
cessed, and not by the opposite (guessing reference 
for activity and then calculating chemical potential 
based on that). This procedure allows an adequate as-
sessment of thermodynamics of metallurgical systems 
without presuming the reference state for activity [8]. 
For example, data in [9] clearly show that activity of 
carbon in Fe, Ni and Co melts exactly reaches uni-
ty at saturation concentration of carbon (and not at 
100 % C as pure graphite) for each specific tempera-
ture thus fulfilling the conditions (6) explicitly.

Conclusions

1. Carried out thermodynamic analysis has highlight-
ed the importance of correct determination and calcu-
lation of chemical potentials and activities of compo-
nents in metallurgical processes.

2. For any system, a reference state selected for 
any of the components must obey the thermodynamic 
rules shown above to be mathematically and physi-
cally correct. Previously this had many computational 
challenges, but they are not anymore problem with 
modern computing methods.

3. For practical applications the starting point for 
selection of the reference state for a component is its 
solubility limit in the solution (melt) as there all the 
necessary conditions are being held. When the tem-
perature, pressure or other components concentration 
changes, this reference state also will change (excep-
tions are systems with full mutual solubility), and this 
has to be taken into account.

4. In complex metallurgical system, it is more 
practical to calculate derivative of chemical potential 
from the integral Gibbs energy and derive activity 
from that, rather than do opposite. This could ensure 
that the artificial selection of the reference state would 
not violate thermodynamic rules.
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Розглянуто процедуру коректного розрахунку хімічних потенціалів компонентів металургійних процесів і наве-
дено важливість правильного вибору порівняльного стану. Цей вибір має вирішальне значення для адекватного 
визначення і розрахунку активності, що має відповідати принципам термодинаміки та бути раціональною для 
практичного застосування у пиро- і гідрометалургійних технологіях. Бібліогр. 9, рис. 1.
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