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The selection of technological parameters of the heat treatment process, which provides the necessary structural and 
phase transformations of rail welded joint, is a very expensive process that requires a large number of experiments with 
a significant consumption of power, time, labor and financial resources. The paper proposes the method of mathemat-
ical and physical modeling of thermal processes to determine the optimal parameters of heat treatment of rail welded 
joint on model specimens based on the theory of similarity, taking into account the interrelated properties and physical 
phenomena with the original study. The solutions obtained during realization of this method provide a considerable 
reduction of resources at determination of optimum modes of heating of products from high-strength carbon steels, in 
particular, rails. Based on the scale factors of criteria of electromagnetic and thermal similarity, a mathematical model 
of the induction system for numerical calculation of propagation of electromagnetic and thermal fields was developed. 
The finite element method was used, which represents a tool for combining integral characteristics with the values 
of vector characteristics of the studied electromagnetic fields. The dependence of physical properties of materials on 
temperature was taken into account. In the course of parametric study, the parameters and configuration of the «induc-
tor–product» system were determined and the space-time distribution of the temperature field during heat treatment 
modeling was determined. The obtained data of numerical calculation should be used during physical modeling of 
optimization of the modes of heat treatment of the sample and will significantly reduce the number of experiments 
to determine the effect of thermal heating on phase transformations and mechanical properties of steel in the zone of 
welded joint. 18 Ref., 2 Tables, 9 Figures.
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At present, laying of continuous tracks is performed at 
construction and reconstruction of the main railways. 
This is due to the general tendency of increase of roll-
ing stock speed, particularly for high-speed passenger 
trains, increased traffic intensity and traffic density. 
In order to ensure a higher reliability and operational 
durability of the rails, new generation high-strength 
rail steels with higher carbon content are used, when 
laying the continuous tracks [1].

At construction of the railway tracks, high-strength 
rails are joined by welding their end faces. The joints 
are mostly made by flash-butt welding process de-
veloped at PWI [2], or automatic electric arc fusion 
welding. World experience shows that in the removed 
defective rails the weld is the region, where up to 
30 % of defects are observed. Although defects in the 
weld are not predominant, they deserve close attention 
at control of the rail track quality. Inhomogeneity of 
the metal microstructure is found in the welded joint 
zone, and unfavourable residual stresses are observed, 
which create the conditions for formation of internal 

defects, weakening the rail section with the weld. The 
HAZ of the rail welded joint has different sections, 
characterized by the presence of soft metal layers on 
the rail rolling surface and layer of lower ductility and 
toughness, more prone to brittle fracture, compared to 
the rail base metal.

Higher carbon content cardinally changes the steel 
weldability. In terms of one of the main indices of 
steel weldability, namely carbon equivalent Ce, the 
rail steel is close to the high-strength medium-alloyed 
steels with 0.30‒0.45 % carbon content. The values of 
carbon equivalent for these steels are approximately 
the same: Ce = 0.8–1.0 %. It points to the fact that by 
the weldability criterion the current high-strength rail 
steels belong to satisfactory ones, i.e. to those which 
require special welding modes and technological 
measures, without which it is impossible to ensure the 
integrity and quality of the welded joint [1].

One of such measures is heat treatment (HT) of the 
rail welded joint, which minimizes the consequences 
of the high-temperature heating of metal during weld-
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ing, refines its microstructure, increases the welded 
joint strength, and relieves residual stresses. HT ap-
plication has a positive impact on the service life of 
the rail butt joint [3].

Purpose and objectives of the study. The pur-
pose and objectives of the study is development of 
a mathematical model for numerical modeling of 
the process of high-frequency induction heating of 
a model sample from high-carbon high-strength rail 
steel with a welded joint with determination of the 
parameters and configuration of «inductor‒product» 
system for further performance of a real induction HT 
of a model sample, as well as determination of space-
time distribution of the temperature field during HT 
performance.

Here, in order to shorten the time for calculation, 
it is rational to divide the mathematical modeling pro-
cess into two stages: first — modeling of the process 
of high-frequency induction heating of «inductor‒
product» system; second — modeling of the structure 
of phase transformations and properties of the weld 
metal in the product, depending on the thermal cycle.

The following objectives were defined, in order 
reach the purpose:

● develop the concept of physical modeling of in-
duction HT of welded joints of high-strength railway 
rails on model samples;

● using the physical model as a basis, develop a 
mathematical model for numerical calculation of in-
duction heating of a model sample with the welded 
joint from high-strength rail steel;

● develop a mock-up and perform experimental 
studies on physical modeling of induction heating of 
a model sample.

Analysis of published data and problem defini-
tion. Analysis of application of computational models 
of induction heating systems shows wider application 
of numerical modeling methods when solving the 
problems of optimization of technological parame-
ters of HT process. Numerical modeling of induction 
systems enabled studying not only individual aspects 
of electromagnetic and thermal field propagation, but 
also the accompanying phenomena and processes, 
such as stress-strain state and structural transforma-
tions of metal, and developing multiphysics models, 
taking into account the inextricable connection be-
tween these processes and physical phenomena.

In work [4] at development of a mathematical 
model of an induction heating system methods of in-
duction system analysis are proposed, which enable 
consistently taking into account the nonlinear de-
pendencies of thermophysical properties of the met-
al being heated, and in [5] the method of parametric 
optimization with distributed parameters was used. 

However, here the transformations in steel when ex-
ceeding the temperature of magnetic transformation 
points are ignored, that introduces an error at calcula-
tion of energy characteristics of the studied induction 
system.

In [6, 7] at development of a numerical model of 
induction heating of bodies of different cross-section 
with inhibition of the edge and end effects, a more 
uniform temperature field in the billet is achieved 
through application of the technological measures of 
changing the number of inductor sections, current fre-
quency, different designs of magnetic concentrators, 
regulation of the speed of billet movement, etc. Here, 
the dependence of the billet magnetic permeability ei-
ther on temperature, or on the magnetic field intensity 
is not taken into account.

Induction heating models from works [8, 9] use 
temperature-dependent B‒H curves, nonlinear depen-
dencies of the material thermophysical properties and 
change of phase transformation during sample heat 
treatment at rapid heating and cooling. Used as the 
model sample material is base metal of the studied 
object, homogeneous over the entire cross-section, 
which was not subjected either to thermal or to me-
chanical impact before that. Modeling is performed 
on samples in keeping with the normative standards 
or samples of an arbitrary shape and geometrical di-
mensions without indicating the criteria for selection 
of a particular parameter that influences the accura-
cy of the obtained results at transition from physical 
modeling on model samples to real objects and real 
technological process.

In view of the fact that the modern technologies 
of induction HT are not always optimal and do not 
allow fully obtaining the required characteristics of 
metal in the zone of rail welded joints [1], it becomes 
necessary to perform further investigations and study 
the features of phase transformations in the rail weld-
ed joint after HT. Performance of high-quality HT re-
quires refining the modes and optimizing the param-
eters, influencing the heating processes, conducting a 
large scope of costly research on the effect of heat-
ing rates, soaking and cooling time on the features of 
structure formation in the welded joint zone. Solving 
this kind of problems requires an integrated approach 
that includes rational application of mathematical and 
physical modeling methods for investigations, and 
determination of key parameters of HT process. It is 
urgent and rational to solve such a problem first by 
modeling on small model samples of rail steel welded 
joints. For this purpose it is necessary to develop on 
the base of the theory of similarity the mathematical 
model of HT process of model samples, taking into 
account the interrelated properties and physical phe-
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nomena with the studied original. A small model sam-
ple can be used to optimize the heating modes and to 
study the properties of the treated weld metal, which 
is followed by transition to refining the modes of HT 
of a butt welded joint of a real rail [10]. The proposed 
approach enables greatly reducing the resources used 
at determination of optimum modes of heating prod-
ucts from high-strength carbon steels, in particular, 
rails. Developed models of induction HT process will 
allow optimizing the inductor design to ensure the 
required temperature field in the zone of the welded 
joint of the object being heated, and it allows a more 
effective performance of HT process.

Methodology and methods of investigation of 
the induction system. At induction heating the elec-
tromagnetic and thermal processes are interrelated, 
and they are described by nonlinear differential equa-
tions, which cannot be solved analytically. This kind 
of problems can be solved only by numerical meth-
ods. The finite element method is extensively used for 
modeling the induction heating systems. This meth-
od is a tool for correlating the integral characteristics 
with the values of vector characteristics of the studied 
fields. The problem of induction heating modeling 
belongs to multiphysics problems that involve inter-
related calculations of propagation of the electromag-
netic and thermal fields [11].

At temperature variation in a broad range it is im-
portant to take into account also the change of phys-
ical properties of the materials, as it has a significant 
impact on the electromagnetic and thermal charac-
teristics of «inductor-product» system. For correct 
solution by mathematical modeling of the process of 
induction HT, and in order to solve the interrelated 
problems of propagation of the electromagnetic and 
thermal fields it is rational to use multiphysics soft-
ware packages of finite element analysis, for instance 
Comsol Multiphysics.

The object of study is «inductor–product» induc-
tion system, which consists of a cylindrical multiturn 
inductor that covers a cylindrical sample in the form 
of a solid rod from high-strength rail steel with in-
creased carbon equivalent that has a transverse weld-
ed joint.

Introduced simplifications. The complex shape of 
the rail cross-section and different weight and size 
parameters of the rail main parts do not allow per-
forming mathematical modeling of the process of in-
duction HT in the two-dimensional or axisymmetric 
definition of the problem, but only in 3D formulation 
that requires considerable computational resources 
and quite considerable computer time. In order to 
obtain a faster evaluation result of mathematical and 
physical modeling of the process of induction heating 

of the rail butt welded joint, it was proposed to reduce 
the rail cross-section to a simpler form and to sep-
arately study induction heating of the main rail ele-
ments — head, web and foot. Here, these elements are 
replaced by simple figures: solid (for the head) and 
hollow (for the web and foot) cylindrical rods with 
equal parameters, surface areas and weights of the 
rail and rod elements. More over, in order to simplify 
physical modeling of the heating, these simple figures 
can be further reduced, by applying the similarity the-
ory [12, 13].

As an example, let us consider the rail head, which 
is the most prone to dynamic loads, wear of the rolling 
surface and is susceptible to initiation of defects and 
cracks in the transverse weld zone. The head contains 
layers of hardened, transition and base metal.

The cross-section of the rail head in Figure 1 is 
presented in the form of a solid cylindrical rod of di-
ameter D1, perimeter L1 and area S1, which are equal 
to the perimeter of the heating zone under the induc-
tor of head Lh and head area Sh. Such a geometrical 
transformation allows preserving the weight and size 
parameters of the head and the rod, and ensures cor-
rect results of physical modeling. In the site of the 
anticipated axial section P of the rail a condition is ac-
cepted that the temperature of this region is the same 
as that of the head surface and no heat removal occurs 
in this direction.

The criteria of geometrical, and electrodynamic 
similarity and similarity of thermal processes allow 
determination of the parameters of the mathematical 
and physical model, geometrical dimensions of a cy-
lindrical sample with a transverse welded joint, and 
frequency of inductor supply current. The geometrical 
parameters of the inductor are determined when solv-
ing this problem.

To simplify further physical modeling of induction 
heating, we will reduce the overall dimensions of the 
cylindrical full-scale rod shown in Figure 1, to a mod-
el rod, introducing scale factors into consideration 
[13, 14].

Scale factors, similarity of electromagnetic pro-
cesses. For induction system under consideration, we 
will assume the scales of magnetic induction mB, mag-

Figure 1. Transverse sections of the rail head and the solid cylin-
drical rod, which replaces it
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netic permeability mμ of steel, magnetic field intensity 
mh and specific electric resistance mρ of full-scale 1 
and model 2 rods to be equal to a unity that is valid in 
the case of using steel with the same electrophysical 
characteristics:
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where B1, B2; μ1, μ2; H1, H2; ρ1, ρ2 are the magnetic 
induction, magnetic permeability, magnetic field in-
tensity and specific electric resistance in the full-scale 
and modeled rods, respectively, which are according-
ly equal to each other.

We will assume the following main linear l geo-
metrical dimensions: diameters of full-scale and mod-
el cylindrical rods d1, d2; length of magnetic lines of 
force in the rods under the inductor l1, l2 (close to in-
ductor length in the considered models); depth of pen-
etration of magnetic fluxes and induced currents in the 
rod Δ1, Δ2. The scale of linear dimensions ml, equal 
to the ratio of the mentioned geometrical dimensions, 
will be equal to:
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Depth of penetration of the induced currents in the 
full-scale and model rods for steel is [15]:
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where kR ≈ 1.4 is the coefficient of reduction of pene-
tration depth for a ferromagnetic medium; f1, f2 are the 
frequencies of induced currents in the full-scale and 
model rods; μ0 = 4π∙10‒7 H/m is the magnetic con-
stant; μr is the relative value of the steel magnetic per-
meability. For nonferromagnetic steel, which lost its 
magnetic properties, when its temperature rose above 
the Curie point (approximately 740 °C), kR = 1 and 
μr = 1.

Having divided Δ1 by Δ2, using expressions (1)‒
(3), we will have:
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where mf is he scale of current frequency.
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Time is inversely proportional to frequency t ~ 1/f. 
Thus, the time scale per one period of current oscilla-
tion mt, allowing for expression (5), will be equal to:
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In keeping with the law of electromagnetic induc-
tion, the voltage in the full-scale and model cylindri-
cal rods (in the first approximation) is:

 U1,2 = 2πf1,2B1,2S1,2, (7)

where S1, S2 are the cross-sectional areas through 
which the magnetic flux passes in the rods. At high 
frequencies

 S1,2 = πkdd1,2Δ1,2, (8)

where kd is the coefficient of reduction of the rod di-
ameter, approximately by the depth of the magnetic 
flux penetration. This coefficient is the same for both 
the rods.

The voltage scale mU, allowing for expressions (1), 
(2), (5), (7) and (8), is equal to:
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that corresponds to mB scale.
Electric resistance of rod regions, through which 

the current flows is:
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where S1, S2 are the cross-sectional areas, through 
which current passes in the rods. At high frequencies:

 1,2 11 ,2.lS ≈′ D
 

(11)

Scale of electric resistance mR, allowing for ex-
pressions (2), (10) and (11), is equal to:
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In keeping with Ohm’s law the current is:
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Current scale m1, taking into account expressions 
(9), (12) and (13), is equal to:
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Current density is:
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Scale of current density mJ, taking into account ex-
pressions (2), (11), (14) and (15) is equal to:
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Full and active power is:
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The scales of full mS and active power mP taking 
into account expressions (9), (12), (14) and (17), are 
equal to:

 

1

2
2

21

2

;

.
I

s U I l

U
P R l

R

S
m m m mS

mP
m m m mP m

= = =

= = = =
 

(18)

Energy per one period of current oscillation is pro-
portional to power and time W ~ Pt, its scale being mw:
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Flux linkage Ψ is:
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(20)

where w is the number of turns, for rods w = 1; Φ1, 
Φ2 are the magnetic fluxes in the rods. Here, the scale 
of flux linkage mΨ and of magnetic fluxes mΦ from 
expressions (1), (8) and (20) is as follows:

 

1,221 1 1
1,2

2 2 2 1,2
; .l l l

d
m m m m Ld IΨ

ΨΨ D
= = = = =
Ψ D

 

(21)

Inductance is:
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Scale of inductance mL taking into account expres-
sions (1), (14), (20) and (22), is equal to:
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Inductive (reactive) resistance is:

 1,2 1,2 1,22 .X f L= π
 

(24)

Scale of inductive resistance mx, taking into ac-
count expressions (5), (23) and (24), is equal to:

 

1 1 1

2 2 2

1 .X f I
l

X f L
m m mX f L m= = = =

 
(25)

Scale of full resistance mz, allowing for expres-
sions (23) and (25) is:
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Similarity of thermal processes. Fourier criterion 
[16] for nonstationary thermal processes has the fol-
lowing form:
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where a is the heat conductivity coefficient:
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where λ is the heat conductivity; γ is the density; c is 
the heat content (a, λ, γ and c are the same for the full-
scale and model rods); t′ is the heating (or cooling) 
time.
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The rate of heating v of the rod sections is directly 
proportional to temperature T and is inversely propor-
tional to time t′, v ~ T/t′. As the temperatures should 
be the same, the scale of the rate for thermal processes 
of the rod heating mv, is as follows, allowing for ex-
pression (29):
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Model scaling. For a full-scale sample the current 
frequency of the thyristor frequency converter is f1 = 
= 2.4 kHz, for a model sample the thyristor frequen-
cy converter has current frequency f2 = 130 kHz. The 
scale coefficient of frequency by formula (5) is mf = 
= 18.462∙10‒3, while the scale coefficient of linear di-
mensions by formula (4) is ml = 7.36.

The depths of penetration of induced currents 
in the full-scale and model rods by formula (3) (at 
ρ850 °C ≈ 7.76∙10‒7 Ohm∙m) are Δ1 = 9.05 mm, Δ2 = 
= 1.23 mm in the case, when the steel has lost its mag-
netic properties.

The full-scale sample diameter is d1 = 62.7 mm. We 
will use the scale factor of linear dimensions to deter-
mine the model sample diameter d2 = d1/m1 ≈ 8.5 mm.

In Table 1 we will give the values of scale factor 
for the model rod, and in Table 2 — the initial data for 
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numerical modeling of this «inductor‒rod» induction 
system.

The computational domain of the studied model of 
the induction system is shown in Figure 2. It contains 
a three-turn water-cooled inductor Ω1, from a copper 
conductor in the form of a round tube with an internal 
rectangular concentrator of the magnetic field and is 
a source of variable magnetic field of specified fre-
quency. The product being heated is a sample in the 
form of a solid cylindrical rod Ω2 from high-carbon 
ferromagnetic rail steel with simulation of the welded 
joint HAZ Ω3 in its center and of ambient air Ω4. From 
the viewpoint of axial symmetry, the mathematical 
model is represented in a two-dimensional cylindrical 
axisymmetric system of coordinates r0z. The electro-
magnetic problem was considered in the frequency 
domain, and the thermal nonstationary problem — in 
the time domain. The following physical processes 
were taken into account at modeling: joulean heating 
of sample metal due to eddy currents generated in it, 
thermal conductivity in the metal volume, heat losses 
for radiation and convection.

The process of induction heating is described by 
a nonlinear interdependent system of Maxwell and 

Fourier equations for the electromagnetic and thermal 
fields with the respective boundary conditions [16].

In order to solve the electromagnetic part of the 
calculation, the system of Maxwell equations is pre-
sented in the differential form:

 

; ;

; 0,

rot rot

div dive

D BH J Et t
D B

∂ ∂
= + = −

∂ ∂
= ρ =

 

(31)

where H , E  are the vectors of magnetic and elec-
tric field intensities; D , B  are the vectors of electric 
and magnetic induction; J  is the vector of conduc-
tion current density; J E= s ; σ is the specific electric 
conductivity; ρe is the density of extraneous electric 
charge.

Density of bias current D
t

∂
∂

 does not have any no-

ticeable influence up to megahertz frequency range, 
as the conduction current density is much higher than 
that of bias current, so that it can be ignored, and then 
the equation becomes:

 .rotH J=  (32)

The system of equations (31) was complemented 
by material equations for establishing a connection 
between the magnetic field intensity and magnetic in-
duction, electric bias and electric field intensity, char-
acterizing the electric and magnetic properties of the 
environment:

Table 1. Values of induction system scale factors

Parameter Transition factor Scale factor

Linear dimensions l ml = 
1 fm 7.360

Current frequency f mf = 1/ml
2 18.46∙10–3

Current period T mt = ml
2 54.200

Current I mI = ml 7.360

Electric resistance R mR = 1/ml 0.135

Current density J mJ = 1/ml 0.135

Power S mS = ml 7.360

Power P mP = ml 7.360

Energy W mW = ml
3 398.680

Flux linkage Ψ mΨ = ml
2 54.20

Inductance L mL = ml 7.360

Reactance X mX = 1/ml 7.360

Impedance Z mZ = 1/ml 0.135

Table 2. Initial data for numerical modeling of «inductor‒rod» 
system

Parameter
High-carbon steel 

(0.8 % C)

Sample length, mm 110

Sample diameter, mm 8.5

Ambient temperature, °C 20

Initial sample temperature, °C 20

Supply current frequency, kHz 130

Inductor current, A 200

Specified temperature of zone heating, °C 850…900

Outer diameter of the inductor, mm 28‒33*

Inner diameter of the inductor, mm 8.75‒10.75*

Inductor width, mm 28‒38*

Distance between inductor windings, mm 7‒10*

Tube diameter, mm 6

*Initial values for parametric investigation of the inductor geomet-
rical dimensions.

Figure 2. Axisymmetric model of the induction system
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 0 0; ,r rB H D E= m m = ε ε
 (33)

where ε0 is the absolute dielectric permeability of the 
material; εr is the relative dielectric permeability of 
the material.

Numerical calculation of the electromagnetic fields 
of the induction system by finite element method is 
performed, using the representation of the distribution 
of vectors H , E  in the form of potential functions, 
and the equations are written using the vector magnet-
ic potential A  and scalar electric potential V  which 
are defined as follows:

 
; .rot grad

AB A E Vt
∂

= = − −
∂  

(34)

As in the axisymmetric model the currents are 
directed normal to the geometrical model plane, the 
vector magnetic potential A

ϕ  has a single component 
(0, φ, 0), unlike H , B  fields, which have two com-
ponents (r, z) in this plane.

Proceeding from the system of Maxwell equations, 
and allowing for the assumptions made and the con-
nections for the conducting sections (of the inductor 
and steel rod) the differential equations will be written 
in the following form:

 
( )

0
0

0
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( ) 0,
( )r

J
A

j T A A
T

 ∇
∇ =  m 

 ∇ ωs +∇× =
 m m   
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where ∇  is the nabla operator; 0J  is the vector of 
current density; 1j = −  is the imaginary unit; ω is 
the angle frequency of the field, ω = 2πf. Here, σ and 
μr depend on temperature T.

For correct calculation of the induction system 
parameters, it is necessary to take into account the 
dependence of electrophysical properties of steel on 
temperature T, as well as the loss of magnetic proper-
ties by it after reaching the temperature of the Curie 
point — Tk that will change the depth of penetration 
of the magnetic field and eddy currents into steel, res-
onance frequency and quality factor of the induction 
system.

In order to determine the magnetic permeability μ 
of the steel sample with carbon content in the range 
of 0.5–1.0 %, depending on magnetic field intensity 

0H  and temperature, an approximation function of 
the following form was adopted [18]:
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where α′ = 3∙105; β′ = –0.85; χ′ = 1.9; δ′ = 0.16 are the 
approximation factors.

At modeling of the process of induction heating, 
the following was assigned as the boundary conditions 
of the electromagnetic part of the problem: on axis of 

symmetry 0z the Neumann condition 0H
t

∂
=

∂
 — ab-

sence of the tangential component of the magnetic 
field intensity; Dirichlet condition 0A

ϕ
=  — pres-

ence of magnetic insulation on the outer boundaries, 
when the field is localized within the calculated re-
gion. The condition of constant temperature (30 °C) 
in the inductor turns due to cooling was accepted in 
a similar way.

In order to solve the nonstationary thermal prob-
lem in the time domain [16], Fourier equation, de-
scribing the temperature field distribution, was used:

 
( ) ,Tc T T Qt

∂
g −∇λ∇ =

∂  
(37)

where Q is the specific power of the heat sources.
Considering the nonlinear nature of the dependen-

cies of physical parameters γ, c, λ, and σ on tempera-
ture T, in equation (37) they were assigned by the in-
terpolation functions based on reference data for the 
high-carbon steel.

Calculation of specific power of inner heat sourc-
es links the electromagnetic problem to the thermal 
problem through determination of ohmic losses from 
the induced eddy currents in the sample that has a 
non-zero resistance, and non-zero density, according 
to Joule‒Lentz law:

 1

1 ,
n

i

i

J
P n =
=

s∑
 

(38)

where P is the evolving volumetric power; iJ  is the 
total current density in integration point i.

In order to take into account thermal losses from 
convection and radiation from the side and end faces 
of the rod, the following expression was given:

 
4 4

0 0– (– ) ( – ) ( – ).q n k T k T T T T= ∇ = + εd
 

(39)

where n  is the unit outward normal vector; k is the 
convective heat transfer coefficient; T0 is the ambient 
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temperature; ε is the Stephan‒Boltzmann constant; δ 
is the emissivity.

For correct accounting for the surface effect in the 
conductors and product, the computational grid cells 
were taken to be rectangular and very fine in the thin 
layer along the depth of magnetic field and eddy cur-
rent penetration. In other areas the grid cells have the 
form of triangles.

Results of studying mathematical modeling of 
an induction system of heat treatment process. 
A distribution of the electromagnetic field of an in-
duction system was derived as a result of solving the 
problem in the frequency domain (Figure 3). Due to 
the ring effect the lines of force of the magnetic field 
gather near the inductor inner surface and the rod out-
er surface with a high intensity of the magnetic field. 
Similarly, the current is concentrated in this area on 

the inner surface of the inductor conductors, namely 
on the edges of the rectangular concentrators of the 
magnetic field near the rod, and in the rod — on the 
surface under the inductor.

Figure 4, a shows the distribution of magnetic in-
duction, B , and Figure 4, b — distribution of cur-
rent density, J . The presented figures clearly show 
the ring effect and skin-effect in the inductor and rod 
conductors.

Figure 5, a shows the distribution of current den-
sity in the rod cross-section from its center to the side 
surface in its magnetic and non-magnetic state (tem-
perature above the Curie point). On the rod surface 
in the magnetic state the current density is maximum 
and reaches the value of 422 A/mm2. Closer to the rod 
center the current density drops abruptly and at the 
depth of 0.02 mm its value is equal to 313 A/mm2; at 
the depth of 0.04 mm it is 234 A/mm2; at the depth of 
0.1 mm — 96 A/mm2, and at the depth of 0.4 mm — 
just 2 A/mm2. In the nonmagnetic state the current 
density is the highest on the rod surface and equal to 
49 A/mm2, at 4 mm distance from the rod center it 
is 30 A/mm2, at 3 mm distance — 8 A/mm2, and at 
2 mm distance — 1 A/mm2. Current density distribu-
tion in the axial direction on the rod surface is shown 
in Figure 5, b. Its peak values are determined under 
the rectangular concentrators of the magnetic field of 
inductor turns, where the distance to the rod surface 
is the shortest.

During modeling the energy parameters of the in-
duction system were studied, depending on inductor 
current frequency f = 0.05–130.0 kHz. Figure 6, a 
shows the calculated dependencies of the total S1, re-
active Q1 and active P1 = I2∙R power of the inductor, 
active power in a model rod P2 = Q and power factor 
cosφ = P1/S1 (Figure 6, b). The active power release 
is enhanced with increase of current frequency that is 

Figure 3. Distribution of force lines of the magnetic field of in-
duction system

Figure 4. Distribution of induction system energy characteristics: a — magnetic induction; b — current density
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related to reduction of the skin layer and increase of 
active resistance in the current passage path.

At calculation of the processes in the time domain 
the electromagnetic and thermal calculations were 
conducted sequentially, with refining of tempera-
ture-dependent parameters at each iteration step. In 
the electromagnetic part of the calculation, the most 
important parameter, which is transferred to the ther-
mal part of the calculation, is the electric power, which 
evolves in the product and is responsible for heating. 
The ultimate goal of the calculation is obtaining a 
favorable distribution of the temperature field in the 
product at heat treatment of the sample with minimiz-
ing the thermal impact on the base metal beyond the 
welded joint. The welded joint proper consists of sev-
eral different zones: fusion line (white band), zones of 
the coarse and fine grain, and softening zone. The met-
al in these zones has different structural components 
and different mechanical characteristics, which differ 
from the zone of base metal, which is not exposed to 
the thermal impact of welding. During modeling of 
heat treatment of metal in the welded joint zone, its 
heating was performed up to temperature somewhat 
higher than the structural transformation point Ac3, 
close to 850–900 °C, at which the required structural 

transformations of metal in the welded joint zone take 
place, to ensure a uniform structure of the metal.

During parametric solution of the problem, in 
order to obtain the required temperature field, the 
geometrical design parameters of the inductor — its 
width of 33 mm, interaxial distance of 8 mm, inner 
diameter of 9.75 mm and outer diameter of 30 mm 
were determined.

Figure 7 shows the distribution of the induction 
system temperature field at the end of the heating 
cycle. These geometrical parameters of the inductor 
provide the required temperature field and heating 
temperature above that of the start of phase transfor-
mations in the area of the sample welded joint that 
will allow achieving the required structural transfor-
mations in the joint metal.

Figure 8, b shows the location of points for tem-
perature monitoring, when solving the thermal prob-
lem in different zones of the welded joint and the rod 
base metal zone.

In Figure 9 the graphs of temperature variation 
with time in these points were plotted. One can see 
that the process of sample heating can be divided into 
two characteristic regions. The first is the region of 
heating the ferromagnetic metal to magnetic transfor-
mation point (Curie point), where the most intensive 

Figure 5. Distribution of current density in a model sample: a — in the rod cross-section from its center to the surface in its magnetic 
(1) and nonmagnetic (2) state; b — in the axial direction on the rod surface

Figure 6. Energy parameters of induction system, depending on inductor current frequency: a — S1, Q, P1 and P2; b — power factor 
cosφ
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heating takes place due to absorption of the electro-
magnetic energy by a thin skin-layer and high densi-
ty of induced current flowing in it, with considerable 
evolution of thermal power and temperature propa-
gation to the deep layers due to heat conductivity. In 
the second region a lowering of heating intensity is 
observed, because of the metal loosing its magnetic 
properties and of an increase in the depth of current 
penetration at lowering of its density with reduction 
of the released thermal power and lowering of heating 
intensity.

Physical modeling of the process of induction 
heat treatment of a model sample. The parameters 
determined from earlier performed mathematical 

modeling were used to conduct experiments on physi-
cal modeling of the process of induction HT. Physical 
modeling was performed on a sample of 8.5 mm di-
ameter and 110 mm length, which was cut out of the 
railway rail head from high-strength rail steel K76F 
with a welded joint, located in the sample center (Fig-
ure 8, a).

Induction heating of the model sample was con-
ducted using the developed low-power laboratory 
mock-up of a high-frequency power source based on 
a bridge inverter. The resonant oscillating circuit of 
the laboratory mock-up operates by the series type of 
RLC-circuit connection, where the model sample is 
the load. The copper three-turn water-cooled inductor 
with a magnetic field concentrator is placed above the 
welded joint zone. A battery of compensation capac-
itors and a matching transformer are connected. The 
power of the laboratory mock-up of the high-frequen-
cy current source for induction HT is equal to 2 kW, 
current frequency is 130 kHz. Rogowsky belt and dig-
ital oscilloscope Siglent SDS 1102CLM+ were used to 
control the inductor current, frequency, shape and am-
plitude of inductor voltage. To monitor the tempera-
ture change in the model sample, two reference points 
were defined: the first was thermocouple 1 (Figure 8) 
in the sample central part on its surface, to determine 
the maximum temperature of sample heating, and the 
second was thermocouple 2 at the end of welded joint 
HAZ to monitor the temperature field propagation in 
keeping with mathematical modeling. Used as sen-
sors for temperature monitoring, were chromel-alu-
mel thermocouples of K type of 0.75 mm diameter, 
which were welded-on in the specified points on 
the sample surface by capacitor-discharge welding. 
Conversion of the signal from thermocouple sensors 
in real time was performed by ADC L-Card E20-10 

Figure 7. Temperature field distribution in the sample longitudinal section

Figure 8. Sample for physical modeling of induction HT: a — 
illustration of the scheme of cutting out model samples from a 
welded joint of railway rail: b — layout of points for model sam-
ple temperature monitoring
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and galvanic decoupling block Promsad PSA0101, as 
well as special software for computer visualization of 
the derived data.

The thermal cycle of the induction heating process 
was determined, when conducting the experiments on 
physical modeling of induction HT of an experimental 
model sample from high-strength rail steel (Figure 9). 
At physical modeling the sample maximum tempera-
ture in the first reference point was equal to 882 °C 
for 180 s of the heating process, and in the second 
reference point it was 578 °C for 180 s. When com-
paring the calculated and experimental thermal cycles 
the largest error was close to 10 %. The calculation 
data obtained with application of the finite element 
method and measurement data at physical modeling 
of the thermal cycles lead to the conclusion that the 
calculated temperature change in the mathematical 
model agrees well with the experimental data. This 
allows using it for the next modeling step: determina-
tion of structural transformations in the welded joint 
metal under the impact of technological parameters of 
heat treatment that enables optimizing the technolog-
ical processes of induction heat treatment of welded 
butt joints of railway rails.

Results of investigations at induction system 
modeling. Analysis of the presented results shows the 
correct solution of the problem, allowing for the phys-
ical processes and phenomena during modeling of the 
induction heating process. The developed mathemat-
ical model for numerical modeling of the process of 
high-frequency induction heating of a model sample 
of welded joint on high-carbon, high-strength rail 
steel, derived on the base of the similarity theory, al-
lows establishing the parameters and configuration 
of «inductor–product» system for performance of 
induction HT of a sample, and determination of the 
space-time distribution of the temperature field during 
performance of its HT. Then the results of the first 
part of the modeling problem should be transferred 
to the second part, where modeling of the kinetics of 
phase transformations and weld metal properties will 
be performed, depending on the process thermal cy-
cle, which will allow determination of the range of 
optimally required parameters of HT process. After 
numerical calculation, the obtained data will be used 
during physical modeling, with optimization of the 
modes of sample HT, and it will help significantly 
reduce the number of the conducted experiments on 
determination of the thermal cycle impact on the fea-
tures of phase transformation kinetics and mechanical 
properties in the welded joint zone. At achievement of 
satisfactory results on a model sample, it is necessary 
to go over to investigation of the process of induction 
heating at HT of the metal of weld and near-weld zone 

of a real product — the rail, while performing recalcu-
lation of the parameters by the similarity theory, fol-
lowing the established HT modes and refining them, 
as well as correcting the inductor configuration.

Conclusions

1. To simplify physical modeling of induction heat-
ing, the theory of similarity of the electromagnetic 
processes was used to reduce the overall dimensions 
of a model cylindrical rod using the scale factors.

2. The developed mathematical model for numeri-
cal modeling of the process of high-frequency induc-
tion heating of a welded joint sample from high-car-
bon high-strength rail steel allows determination of 
optimum geometrical and energy parameters of «in-
ductor–product» system.

3. The numerical solution of an axisymmetric 
problem, taking into account the main nonlinear de-
pendencies of the induction model, allows modeling 
the space-time distribution of the temperature field.

4. Proceeding from determination of the main 
energy parameters of «inductor‒product» system, a 
parametric search for optimum geometrical parame-
ters of the inductor was performed, and the required 
distribution of the temperature field in the zone of the 
sample welded joint was obtained.

5. When modeling of thermal heating of a weld-
ed joint sample was performed, the temperature field 
of the sample with the weld was determined that al-
lows modeling the change of the space-time structur-
al-phase state of the metal during heat treatment.

6. The proposed mathematical and physical mod-
els of model sample heating can be used, when solv-
ing the problem of optimization of induction heat 
treatment of welded joints of railway rails. Use of 
these data at determination of key parameters of the 
heat treatment process on model samples allows go-
ing over to heat treatment of welded joints of the real 

Figure 9. Change of temperatures in time in reference points of 
the model sample: 1, 2 — thermal cycle during physical model-
ing; 1′, 2′ — calculated data from mathematical modeling
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railway rails in the welded joint zone, based on the 
similarity theory.
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